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We develop a model of turnover and wage dynamics with insurance, match-specific
productivity, and long-term contracting. The model predicts that wages are downward
rigid within firms but can decrease when workers are fired. We apply the model to
study the impact of business cycles on subsequent wages and job mobility. Workers
hired during a boom have persistent higher future wages if staying with the same
firm. However, these boom hires are more likely to be terminated and have shorter
employment spells. (JEL C73, D23, D82, J33)

I. INTRODUCTION

Growing evidence has suggested that random
economic shocks at the time of employment have
large and persistent effects on subsequent labor
market outcomes. Baker, Gibbs, and Holmstrom
(1994) use personnel records from one firm and
identify a cohort effect—a cohort’s average wage
at the start of employment affects its wages years
later. Subsequent within-firm studies (see Gibbs
and Hendricks 2004 for a review) have also docu-
mented the cohort effect within the same employ-
ment relationship. Beaudry and DiNardo (1991)
document the cohort effect in large, representa-
tive datasets, and they show that the cohort effect
is driven by the lowest unemployment rate since
the worker was hired.

Random economic shocks also affect long-
term earnings by changing the types of jobs
workers choose, and its effects are particularly
strong among workers fresh out of school. Oyer
(2008) shows that MBAs graduating in reces-
sion years are significantly less likely to go to
Wall Street, and consequently, suffer an estimated
lifetime-earnings loss of $1.5–$5 million. Ore-
opoulos, von Wachter, and Heisz (2012) find
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that a typical recession causes Canadian college
graduates to take lower-quality jobs, and as a
result, the cumulated earnings in the first 10 years
of their career are reduced by about 5%. Kahn
(2010) shows that a bad economy leads U.S. col-
lege graduates to choose less-prestigious occu-
pations and its negative effects on wages persist
even after 15 years.

Despite its negative effects on long-term earn-
ings, a bad economy appears to have a posi-
tive effect on job security. Schmieder and von
Wachter (2010) use the Displaced Worker Sur-
vey and find that the probability of job loss is
smaller for workers who were hired in worse
labor market conditions. Kahn (2008) exploits a
proprietary dataset for large U.S. firms and finds
that while jobs created during a recession typi-
cally do not last as long, this is mainly because
jobs with shorter durations are more likely to be
offered in a recession. Once the job heterogene-
ity is controlled for, workers hired in a recession
have longer expected employment spell.

The positive effect on job security is incon-
sistent with existing theories that explain the
negative effect of a recession on long-term earn-
ings. Schmieder and von Wachter (2010) discuss
three classes of models on earnings, including
human capital accumulation, job matches, and
insurance. They note that models based on human
capital accumulation and job matches have the
opposite prediction on job security. In particular,
if workers hired in a bad economy have lower
wages because they are less productive, either
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through worse firm-specific or task-specific
human capital accumulation opportunities or
because of worse match qualities, they should
have worse rather than better job security.1 In
models based on insurance, which we will dis-
cuss below, worker productivity is assumed to be
the same across firms, so there is no turnover.

In this paper, we develop a simple model
that integrates insurance, match-specific produc-
tivity, and long-term contracts. When match-
specific productivity is important, we show that
a bad economy lowers long-term earnings, but
the workers hired in a bad economy have bet-
ter employment security. By integrating both
insurance and match-specific productivity, our
model inherits the properties of insurance mod-
els on wage dynamics: wages are downward
rigid within an employment relationship. Hav-
ing match-specific productivity, however, implies
that bad matches can be terminated, so turnover
does occur. As will be explained in detail in
Section IV, the key mechanism of the model is
that there is less scope for providing insurance to
a worker in a bad economy, so the value of start-
ing an employment relationship is lower. This
implies that workers in a bad economy need to
be better matches to be hired. Consequently, the
average match quality of workers hired in a worse
economy is better, resulting in longer employ-
ment spells.

Both insurance and match-specific produc-
tivity are familiar and important ideas in labor
economics. Harris and Holmstrom (1982) show
that many features of the labor market can be
explained by an insurance model in which firms
can commit to long-term contracts for risk-averse
workers who are free to move. Beaudry and
DiNardo (1991) find that the Harris–Holmstrom
model offers a better description of wage dynam-
ics than does a spot market model or a full insur-
ance model.2 However, these insurance models
do not generate turnover because the productivity
of the workers is identical across all firms, mak-
ing turnover meaningless.

For turnover patterns, a leading model is
Jovanovic (1979), which is based on learning
and match-specific productivity. Its celebrated
prediction, that turnover probability is inverse-U

1. See Gibbons and Waldman (2004, 2006) for the theory
of task-specific human capital.

2. Chiappori, Salanie, and Valentin (1999) provide fur-
ther theory and evidence related to wage and promotion
dynamics that arises out of insurance consideration. Waldman
(2013) provides a general discussion of the pros and cons of
the insurance argument.

shaped with job tenure, has been confirmed
by empirical findings; see, for example, Farber
(1994). In Jovanovic (1979), the initial expected
match quality is the same for all hired workers.
Here, in contrast, we assume that before hiring
a worker, the firm observes a signal about his
match-specific productivity. This allows the firm
to base its hiring decision on the signal observed
and also allows the average match quality of
the hired workers to differ with the economic
condition at the time of hiring.

The rest of the paper is organized as fol-
lows. We set up the model in Section II. Section
III describes the main features of the optimal
employment contract, which are then used to
study the effects of random economic shocks on
subsequent labor market outcomes in Section IV.
Section V discusses how the results of the paper
change with alternative formulations. Section
VI concludes.

II. SETUP

We consider a labor market with a large num-
ber of identical risk-neutral firms and risk-averse
workers. Firms produce a single consumption
good with labor as the only input. Both firms
and workers live for infinite number of periods
with δ∈ (0, 1) as the discount factor. There are
two possible states of the economy: boom and
bust. We denote θL as the general productivity
level in a bust and θH as the general productivity
level in a boom, with θH > θL > 0. In each period,
the probability of a boom state is p∈ (0, 1). The
state of the economy is assumed to be i.i.d. across
periods. Let θt, t= 0, 1, 2, … be the general pro-
ductivity in period t. The state of the economy
is public information and becomes known at the
beginning of each period.

In each period, each firm can employ at most
one worker. If the firm employs a worker, output
in period t is given by

yt = θt + m̃,

where θt ∈ {θL, θH} is the state of economy and
m̃ ∈

{
−mb,mg

}
is the match-specific quality

between the firm and the worker, with mg > 0
denoting a good match and −mb < 0 denoting a
bad match.

The match quality is not known before the
worker works for the firm. However, after a
worker works for a firm, the output is realized at
the end of each period. Since the worker’s match
quality is equal to his output minus the general
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productivity level in each period, the exact match
quality is thus fully revealed at the end of the first
hiring period. In particular, at the beginning of
the initial period, both parties observe a signal
α∈ 0, 1], which denotes the probability that the
worker is a good match. We assume that α has a
non-zero density function f with support in [0, 1].

We assume that firms have the full bargain-
ing power in the labor market, and we relax
this assumption in Section V. Specifically, upon
observing the signal, the firm decides whether to
make an offer to the worker. If no offer is made,
both parties receive their outside options. If the
firm makes an offer, the employment contract
should specify the wages and retention rule for
the current and each of the subsequent periods.
Since the match quality becomes public knowl-
edge at the end of the first hiring period, the wages
and hiring rule for the subsequent periods should
depend on the match type.

Formally, an employment contract is rep-
resented by

{
w0,wg

(
θt
)
,wb

(
θt
)
, hg

(
θt
)
, hb(

θt
)}∞

t=1, where w0 is the worker’s wage in the
initial period, wg(θt) (or wb(θt), respectively) is
the worker’s wage in period t in case of a good (or
bad, respectively) match, given that the history
of the states of economy is θt = (θ0, θ1,..., θt),
and hg(θt) (or hb(θt), respectively) is the proba-
bility that the firm retains the worker in period
t, given the state history θt and that the match
quality is good (or bad, respectively). Note
that letter “ g ” which appears in the subscripts
stands for a “good match” and “ b ” stands for a
“bad match.”

We assume that only firms are able to com-
mit to the employment contracts. Workers may
choose to quit and meet new firms elsewhere
without any financial obligation to the original
firm. In other words, a firm will offer a con-
tract as long as it yields an expected payoff at
least as high as its outside option at the begin-
ning of the initial period. Once the contract is
accepted, the firm will stick to it no matter
what happens in the future. On the other hand,
to prevent the worker from quitting when he
is not laid off, the expected continuation pay-
off yielded by the contract should be no lower
than the worker’s outside options for all subse-
quent periods.

To characterize each party’s payoffs, assume
that in the periods when a worker is hired by a
firm, the worker receives his wage, as described
in the contract, and the firm gets the output net
of the wage. In case of a separation between
a worker and a firm, both parties receive their

outside options. A separation takes place when
(1) the firm decides not to offer a contract in the
initial period; (2) the worker rejects the contract
in the initial period; (3) the worker gets fired
in some future period according to the contract
terms; (4) an exogenous separation occurs at the
beginning of each period, with a separation rate
1− k∈ [0, 1]; or (5) the worker decides to quit in
some future period.

In particular, if a separation takes place at the
beginning of period t, with θt as the state of
economy, then for the current period t, the firm
receives nothing and the worker earns θt. The
interpretation is that the worker can engage in
home production with the general productivity
θt in that period. After that, both the worker
and the firm re-enter the labor market in period
t+ 1. Thus, firms’ outside option in case of a
separation, Π, does not depend on the states; and
the worker’s outside option is a function of the
state of the economy, U (θ), with θ∈ {θH , θL}.

Note that since firms have the full bargaining
power, an optimal employment contract always
leaves the worker exactly with his outside option
in the initial period. We must have⎧⎪⎪⎨⎪⎪⎩

U
(
θH

)
= u

(
θH

)
+δ

[
pU

(
θH

)
+ (1 − p)U

(
θL

)]
U
(
θL

)
= u

(
θL

)
+δ

[
pU

(
θH

)
+ (1 − p)U

(
θL

)] ,

or

(1)

⎧⎪⎪⎨⎪⎪⎩
U
(
θH

)
= u

(
θH

)
+ δ

1−δ

[
pu

(
θH

)
+ (1 − p) u

(
θL

)]
U
(
θL

)
= u

(
θL

)
+ δ

1−δ

[
pu

(
θH

)
+ (1 − p) u

(
θL

)] .

In other words, a worker receives his outside
option when he conducts home production with
the general productivity in each period.

Finally, we assume that while firms are
risk-neutral, workers are risk-averse with a Von
Neumann and Morgenstern utility function u(·),
which is twice-differentiable, increasing and
strictly concave.

III. THE OPTIMAL CONTRACTS

In this section, we study the optimal employ-
ment contracts. Let Π(α, θ0) be the firm’s
expected payoff yielded by the optimal contract,
given that the initial state of the economy is
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θ0 ∈ {θH , θL} and the signal of match quality is
α∈ [0, 1]. Thus, we have the following program.

Π
(
α, θ0

)
= max{

w0,wg(θt),wb(θt),hg(θt),hb(θt)
}∞

t=1

×
{
αmg − (1 − α)mb + θ0 − w0

+α
∞∑

t=1

δtEθt

[
σg

(
θt
) (

mg + θt − wg

(
θt
))

+
(
σg

(
θt−1) − σg

(
θt
))

Π
]

+ (1 − α)
∞∑

t=1

δtEθt

[
σb

(
θt
) (

−mb + θt

−wb

(
θt
))

+
(
σb

(
θt−1) − σb

(
θt
))

Π
] }

subject to

u
(
w0

)
+ α

∞∑
t=1

δtEθt

[
σg

(
θt
)

u
(
wg

(
θt
))

(IR)

+
(
σg

(
θt−1) − σg

(
θt
))

U
(
θt

)]
+ (1 − α)

∞∑
t=1

δtEθt

[
σb

(
θt
)

u
(
wb

(
θt
))

+
(
σb

(
θt−1) − σb

(
θt
))

U
(
θt

)]}
≥ U

(
θ0

)
; IR

u
(
wg

(
θt
))
+

∞∑
j=t+1

δj−tEθj|θt

[
σg

(
θj
)

σg (θt)
u
(
wg

(
θj
))(ICg)

+

(
σg

(
θj−1

)
σg (θt)

−
σg

(
θj
)

σg (θt)

)
U
(
θj

)]
≥ U

(
θt

)
, ifσg

(
θt
)
> 0; ICg

u
(
wb

(
θt
))
+

∞∑
j=t+1

δj−tEθj|θt

[
σb

(
θj
)

σb (θt)
u
(
wb

(
θj
))(ICb)

+

(
σb

(
θj−1

)
σb (θt)

−
σb

(
θj
)

σb (θt)

)
U
(
θj

)]
≥ U

(
θt

)
, ifσb

(
θt
)
> 0; ICb

0 ≤ hg

(
θt
)
, hb

(
θt
)
≤ 1, for any t andθt.

Here, σg

(
θt
)
≡ ktΠt

i=1hg

(
θi
)

is defined to be
the probability that the good-match worker is still
hired in period t, given the history of states of
the economy θt; and σb

(
θt
)
≡ ktΠt

i=1hb

(
θi
)

is
the correspondence for the bad-match worker.3

Thus, for each s= g or b, σs(θt− 1)−σs(θt) is the
probability that the s−type worker gets fired at
the beginning of period t, given the history of
states θt.

With the definitions of σg(θt) and σb(θt), the
objective function of the above program gives the
firm’s total expected payoff and the left-hand side
of IR gives the worker’s total expected utility.

The IR constraint simply states that the
worker’s expected utility at the time when the
contract is signed is not below its outside option.
Note that IR should be binding in the optimal
contract because if it were slack, the firm can
increase its payoff by decreasing the worker’s
initial wage w0. Constraints 3 and 4 state that
for any match quality or state of the economy, as
long as the worker is not laid off, staying with
the firm always gives the worker an expected
continuation utility at least as high as his out-
side option. Thus, the worker never quits and
will only leave if the contract fires him or an
exogenous separation occurs.

Finally, the firm’s outside option is given by

(2) Π = δEθ,α max
{
Π,Π (α, θ)

}
.

A. The Optimal Retention Rule

In this subsection, we discuss the properties
of turnover in an optimal contract. Our first result
shows that once revealed to be a good match, the
worker should never be laid off.

PROPOSITION 1. The optimal hiring rule is
that hg(θt)= 1, for all t≥ 1 and all θt.

Proof. Suppose the optimal contract fires a good-
match worker in period t. Then the continuation
payoffs at the beginning of period t are Π for the
firm and U

(
θt

)
for the worker, where θt is the

state of the economy in period t. Now consider a
deviation in which (1) the worker is kept in period
t and paid a wage θt and (2) the contract from
period t+ 1 on is specified as if the worker and
the firm met in period t+ 1 with a signal of match
quality α= 1. ◾

3. We assume that σs(θ0)= 1 for each s= g or b and any
θ0 ∈ {θH , θL}.
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Obviously, the worker is indifferent between
the above deviation and the original contract,
because the worker’s expected continuation pay-
off in period t remains U

(
θt

)
. On the other hand,

note that the firm receives mg instead of zero in
period t, and receives Π(1, θt+ 1) in period t+ 1.
Thus, its expected continuation payoff at the
beginning of period t becomes mg +δEθΠ(1, θ)>
Π according to (2), implying that the deviation
makes the firm strictly better off, which com-
pletes our proof.

The intuition for Proposition 1 is that keeping
a good-match worker not only results in a higher
output in the current period, but also keeps the
firm in the best situation in the future because the
worker it hires in the next period is a good match
for sure, which may not be the case when the firm
meets a new worker elsewhere.

While a good-match worker should always be
retained, termination occurs in our model because
the worker’s productivity depends on his match
quality. Terminating a bad match therefore has
the benefit of increasing the value of the relation-
ship through higher productive efficiency. This
contrasts with Harris and Holmstrom (1982) and
Beaudry and DiNardo (1991) in which no termi-
nation occurs because the worker’s productivity
is the same in all firms.

For the bad match, the retention rule compares
the benefit of production efficiency with the cost
of loss of insurance. On one hand, terminating a
bad match is beneficial from a joint-production
standpoint since the worker is more productive
with his outside option. On the other hand, ter-
minating the worker is costly because it exposes
the worker with the risk of a lower wage.4 Note
that reducing the risk of the worker benefits the
firm by allowing it to lower the worker’s initial
wage. Thus, the optimal retention rule in case of a
bad match reflects the trade-off between avoiding
production inefficiency and providing employ-
ment insurance to the worker.

Throughout this paper, we assume that match
quality is sufficiently important, that is, mb is
sufficiently large, so that the marginal benefit
of offering more employment insurance—in the
form of lowering the probability that the bad
match is terminated—falls short of the loss of
keeping the bad match. In other words, the opti-
mal contract always terminates the bad match
after the initial period. We make this assump-
tion mostly for analytical simplicity so that the

4. We will show later that if the worker is retained by the
firm, his wage in an optimal contract never falls.

ex post threshold of termination does not depend
on the ex ante timing of hiring. The plausibility
of the assumption clearly depends on the condi-
tions of the labor market and the types of jobs
considered. The assumption is more likely to be
satisfied when the skill requirements for the job
are complex and the market for such jobs is thin.
Match quality is likely to be more important, for
example, when the job requires a large combina-
tion of different skills.

B. Properties of Wage Dynamics

Now we discuss the wage dynamics of the
optimal contract. The first lemma in this subsec-
tion (Lemma 1) states that in the optimal contract,
the worker’s wage is downward rigid.

LEMMA 1. For any t≥ 1 and any history of the
states of the economy θt, we have

wg

(
θt, θt+1

)
≥wg

(
θt
)
, for each θt+1 ∈

{
θH , θL

}
.

Proof. See Appendix. ◾

The reason for the downward rigidity is the
same as in Harris and Holmstrom (1982). In par-
ticular, consider a worker retained by the firm
in period t+ 1. Suppose he experiences a wage
loss, the firm can then smooth the worker’s pay
by raising the period t+ 1 wage and lowering
the period t wage. This change generates a larger
value for the relationship as it offers better insur-
ance to the worker. This implies that the wage
must be downward rigid in the optimal contract.
While being downward rigid, the wage is not
upward rigid. Whenever the retained worker’s
outside option exceeds his continuation expected
payoff as if he was paid the current wage for-
ever, there will be a wage jump in the next period
to match it. This lack of full insurance arises
because the worker cannot commit to the con-
tract. The worker’s opportunity to take the outside
option therefore limits the scope of insurance.

It is clear that the wage jumps can never take
place at bust states. A wage jump at a bust state
implies that the worker’s expected continuation
payoff before the jump should be strictly lower
than U

(
θL

)
, which is never possible due to con-

straint (2). On the other hand, while the wage
jumps occur at boom states, it happens at most
once. This is because the worker has the high-
est outside option at a boom state. Once the wage
jumps at a boom state to meet the outside option,
the worker will never take his outside options in
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the future. Thus, from that period on, the opti-
mal contract can offer full insurance by paying
the worker the same wage forever, as long as
he is retained by the firm. Proposition 2 below
describes the optimal wages as functions of the
state of the economy.

PROPOSITION 2. The optimal wages depend
on the initial state of the economy.

(a) Starting with a boom state, the optimal
contract offers an initial wage w0(α, θH) that
solves

u
(
w0

(
α, θH

))
+ (1 − α) δEU(3)

+ α
∞∑

t=1

[
δtktu

(
w0

(
α, θH

))
+
(
δtkt−1 − δtkt

)
EU

]
= U

(
θH

)
.

Moreover, the retained worker is paid
w0(α, θH) for all the subsequent periods, regard-
less of the states of the economy.

(b) Starting with a bust state, the optimal
contract pays an initial wage w0(α, θL)=θL. In
addition, the optimal wage keeps being θL until
the first boom state, at which the wage jumps to
wH and never changes in the future, where wH
solves
(4)
u
(
wH

)
+ δ

[
kU

(
θH

)
+ (1 − k)EU

]
= U

(
θH

)
where EU = pU

(
θH

)
+ (1 − p)U

(
θL

)
.

Proof. See Appendix. ◾

Proposition 2 shows that the optimal contract
signed at a boom state offers full insurance on the
worker’s wages; and the optimal contract signed
at a bust state offers only partial insurance. In
particular, starting with a bust state, the optimal
contract offers a low initial wage θL, and the wage
is forced to jump to wH at the first boom state
in the future to meet the worker’s higher outside
option. It follows from (4) that wH is the wage
level at which the worker’s expected continuation
payoff is exactly equal his outside option at a
boom state.

The key property of the optimal employment
contract is that employment relationships start-
ing in the boom state provide more insurance. To
see this, note that the worker’s outside option is
higher in a boom state, so there is more scope

for insurance. In particular, it is more attrac-
tive in a boom state for the worker to accept a
lower starting wage (relative to his outside pro-
ductivity) for future insurance. This lower cost
of providing insurance implies that the value of
the employment relationship is higher in a boom
state, making the parties more likely to start a
relationship. The next section uses this observa-
tion to explore the effect of business cycles on
employment dynamics.

IV. IMPLICATIONS OF BUSINESS CYCLES ON
TURNOVER AND WAGES

In this section, we apply the properties of
the employment contract derived in the previ-
ous section to study its implications on hiring,
wages, and subsequent turnover over the busi-
ness cycle.

To study the impact of the business cycle on
the hiring threshold, recall that α is the firm’s
signal about the probability of the worker being
a good match. It is clear that the expected value
of the relationship is increasing in α, so the firm
makes an offer to the worker if and only if the
signal is above a threshold. Denote αH and αL
as the hiring thresholds for the boom and bust
states, respectively. An immediate consequence
of Proposition 2 is that the hiring threshold is
lower in a boom state.

LEMMA 2. The marginal worker hired in a
boom state has a lower expected match quality
than the marginal worker hired in a bust state:

αH < αL.

Proof. See Appendix. ◾

The reason for this was alluded to at the end
of the previous section—the value of starting an
employment relationship is larger in a boom state
than in a bust state. The extra value results from
the additional insurance that the firm can provide
to the worker hired in a boom. In specific, with
the threshold signal αL, the optimal contract made
at a boom state yields a strictly higher expected
payoff to the firm than its outside option. This
implies that the marginal signal αH in a boom
state is strictly lower than αL.

Lemma 2 provides one reason for the vari-
ations of job-finding rates during the business
cycle. Hall (2006) reports that the increase in the
unemployment rate during the recession is driven
largely by changes in job-finding rates instead
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of job-separation rates. This model shows that
job-finding rates can drop in recessions because
firms become “pickier” by raising the bar in
terms of match quality. Evidence from the popu-
lar press suggests that this mechanism may be at
work. A 2011 Wall Street Journal article quotes
Paul Marchand, head of talent acquisition at a
New York food-and-beverage company, as say-
ing, “People think that with all the available tal-
ent, time-to-fill would go down, but it’s just the
opposite. When you’re still trying to find qual-
ity candidates, it’s actually taken longer.”5 Such
emphasis on “quality candidates” suggests that
companies are looking for better matches during
the recession.

The difference in the hiring thresholds implies
that the initial labor market condition affects the
composition of the workers hired, which directly
affects the subsequent patterns of wages and
turnover. The next proposition reports a few
empirically testable predictions on the impact
of business cycles. The empirical literature has
distinguished between voluntary and involuntary
turnover. To connect our results to the empirical
findings, we define turnover as voluntary if the
worker’s new wage is strictly higher than his pre-
vious wage. Otherwise, turnover is involuntary.6

There are other ways to distinguish voluntary and
involuntary turnover in this model. For example,
we can define that a worker leaves involuntar-
ily if h= 0, and it yields the same qualitative
result. The current definition is chosen because
it depends on variables that are empirically
observable.

PROPOSITION 3. The initial state of the econ-
omy has persistent effects on wages and turnover.

(a) A worker hired in a boom has a higher
wage in all subsequent periods if he stays with
the same firm. But the initial state has no effect if
the worker leaves. That is, for any t≥ 1,

Eα,θt

[
wg

(
θt
) |α ≥ αH , θ0 = θH

]
> Eα,θt

[
wg

(
θt
) |α ≥ αL, θ0 = θL

]
;

Eα,θt

[
wb

(
θt
) |α ≥ αH , θ0 = θH

]
= Eα,θt

[
wb

(
θt
) |α ≥ αL, θ0 = θL

]
.

5. Joe Light, “Jobs Open, but Filling Them Slows Down,”
Wall Street Journal, March 7, 2011.

6. The worker’s wage in case of a turnover is assumed to
be the general productivity in that period. Formally, we define
that wb(θt)=θt , for any t≥ 1 and θt .

(b) A worker hired in a boom is more likely to
leave both voluntarily and involuntarily. That is,

Pr
[
turn over with wb

(
θ0, θ1

)
> w0

(
α, θH

) |α ≥ αH , θ0 = θH

]
>

Pr
[
turn over with wb

(
θ0, θ1

)
> w0

(
α, θL

) |α ≥ αL, θ0 = θL

]
;

Pr
[
turn over with wb

(
θ0, θ1

)
≤ w0

(
α, θH

) |α ≥ αH , θ0 = θH

]
>

Pr
[
turn over with wb

(
θ0, θ1

)
≤ w0

(
α, θL

) |α ≥ αL, θ0 = θL

]
.

Consequently, a worker hired in a bust has a
longer average job tenure.

Proof. See Appendix. ◾

Proposition 3(a) shows that the average future
wage of boom hires is higher than that of bust
hires. As the average initial wage of boom hires is
also higher, this is the cohort effect—a cohort’s
future wages are related to the initial wage upon
entering the firm. As mentioned in the introduc-
tion, many empirical studies have documented
the cohort effect and several theories have been
put forward to explain it. The mechanism here
is most related to Beaudry and DiNardo (1991).
The optimal contract determines the initial wage
and the future wages jointly, so both are affected
by the labor market condition at the signing of
the contract.

Proposition 3(a) also shows that the cohort
effect, however, applies only to workers who stay
with the same firm. If a worker is revealed to be a
bad match and is terminated, his wage can drop,
and the initial labor market condition no longer
matters. There is some support for this predic-
tion. Schmieder and von Wachter (2010) show
that most of the wage gains through better labor
conditions disappear after a job loss. Brunner and
Kuhn (2014) find that about half of the wage
gains through better labor conditions are lost after
an involuntary turnover. They suggest that long-
term contracts are important in generating persis-
tent wage differences, but other factors, such as
human capital accumulation, are also relevant.

Proposition 3(b) shows that a worker hired in
a boom is more likely to experience both volun-
tary and involuntary turnover. This is because the
hiring threshold is lower in a boom state, so a
boom hire is more likely to be a bad match. The
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empirical evidence on involuntary turnover offers
support for our prediction. Schmieder and von
Wachter (2010) report that “workers with higher
wages due to tight past labor market conditions
face a higher risk of layoff.” The empirical evi-
dence on voluntary turnover, however, is mixed.
Brunner and Kuhn (2014) report that for Austrian
workers, “one percentage point increase in the
initial employment rate decreases the probability
of moving to another employer by 7.5%.” In con-
trast, Oreopoulos, von Wachter, and Heisz (2012)
find that, for Canadian college graduates, bust
hires are more likely to switch jobs than boom
hires. The mixed findings suggest that turnover is
affected by other factors. One possibility is verti-
cal mismatch. In particular, in a recession, fewer
high-quality jobs are offered, and the new hires
may overqualify for the jobs. Vertical mismatch
can lead to future turnover and its importance has
been studied by a number of papers (McLaugh-
lin and Bils 2001; Okun 1973; Oyer 2006, 2008;
Reder 1955). Another related reason is the com-
position of the jobs offered. If high-turnover firms
hire more in a recession, this leads to a higher
mobility rate for the bust hires. Kahn (2008), dis-
cussed below, shows that the composition of jobs
is important for understanding the effect of busi-
ness cycles on turnover patterns.

Finally, Proposition 3(b) shows that bust hires
have longer job tenure, which follows immedi-
ately because they are less likely to turnover both
voluntarily and involuntarily. This prediction is
not supported by earlier evidence. Bowlus (1995)
finds shorter employment duration for recession
hires. However, Kahn (2008) points out that this
shorter employment duration is driven mostly by
the composition of jobs. She finds that while jobs
started during a recession do on average end ear-
lier, once firm heterogeneity is controlled for,
this pattern reverses. With firm fixed effect con-
trolled for, she shows that a 1% increase in the
national unemployment rate increases the proba-
bility that a worker stays for at least 1 year by 5%
points. Kahn (2008) explicitly points to match-
specific productivity as the source for her find-
ings, and this model provides a reason for why a
worker hired in a recession is more likely to be a
good match.

V. GENERAL BARGAINING POWER

We have been assuming that firms have the
full bargaining power in the labor market, so
that workers always earn their outside options
depending on the states. In this section, we

check the robustness of our results by consider-
ing exogenous bargaining power. Our key result,
summarized in Corollary 1, shows that our main
results still holds even when workers have some
bargaining power.

Let β∈ [0, 1] be a scale parameter that cap-
tures the exogenous bargaining power on the
firms’ side, with β= 1 denoting the case where
the firm has the full bargaining power, and β= 0
meaning all the bargaining power goes to the
worker’s side. An optimal employment contract
thus should maximize the weighted average of
both the worker’s and the firm’s expected payoffs.

Let C =
{

w0,wg

(
θt
)
,wb

(
θt
)
, hg

(
θt
)
, hb(

θt
)}∞

t=1 denote an employment contract. Given
the initial state of the economy θ0 ∈ {θH , θL},
the signal of match quality α∈ [0, 1] and the
firm’s bargaining power β∈ [0, 1], under the
employment contract C, the firm’s expected
payoff, Π(α, θ0, β, C), is given by

Π
(
α, θ0, β,C

)
= αmg − (1 − α)mb + θ0 − w0

(5)

+α
∞∑

t=1

δtEθt

[
σg

(
θt
) (

mg + θt − wg

(
θt
))

+
(
σg

(
θt−1) − σg

(
θt
))

Π (β)
]

+ (1 − α)
∞∑

t=1

δtEθt

[
σb

(
θt
) (

−mb + θt

−wb

(
θt
))

+
(
σb

(
θt−1) − σb

(
θt
))

Π (β)
]

,

and the worker’s expected payoff, U(α, θ0, β, C),
is given by

U
(
α, θ0, β,C

)
= u

(
w0

)
(6)

+α
∞∑

t=1

δtEθt

[
σg

(
θt
)

u
(
wg

(
θt
))

+
(
σg

(
θt−1) − σg

(
θt
))

U
(
θt, β

)]
+ (1 − α)

∞∑
t=1

δtEθt

[
σb

(
θt
)

u
(
wb

(
θt
))

+
(
σb

(
θt−1) − σb

(
θt
))

U
(
θt, β

)]
,

where σs

(
θt
)
≡ ktΠt

i=1hs

(
θi
)

is defined as
before for each s∈ {g, b}.

The optimal contract solves the following
program:

max
C

βΠ
(
α, θ0, β,C

)
+ (1 − β)U

(
α, θ0, β,C

)
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subject to

(IRf) Π
(
α, θ0, β,C

)
≥ Π (β) ;

(IRw) U
(
α, θ0, β,C

)
≥ U

(
θ0, β

)
;

u
(
wg

(
θt
))
+

∞∑
j=t+1

δj−tEθj|θt

[
σg

(
θj
)

σg (θt)
u
(
wg

(
θj
))(IC’g)

+

(
σg

(
θj−1

)
σg (θt)

−
σg

(
θj
)

σg (θt)

)
U
(
θj, β

)]
≥ U

(
θt, β

)
, ifσg

(
θt
)
> 0;

u
(
wb

(
θt
))
+

∞∑
j=t+1

δj−tEθj|θt

[
σb

(
θj
)

σb (θt)
u
(
wb

(
θj
))(IC’b)

+

(
σb

(
θj−1

)
σb (θt)

−
σb

(
θj
)

σb (θt)

)
U
(
θj, β

)]
≥ U

(
θt, β

)
, ifσb

(
θt
)
> 0; IC′

b

(7) 0 ≤ hg

(
θt
)
, hb

(
θt
)
≤ 1, for any t and θt.

(IRf) and (IRw) give the firm’s and worker’s
individual rationality constraints, respectively,
which state that the firm’s and worker’s expected
payoffs at the time when the contract is signed
should not be below their outside options. With
the exogenous bargaining power, both the firm
and the worker agree to start an employment
relationship only when (IRf) and (IRw) are satis-
fied. Similar to the case where β= 1, constraints
(IC’g) and (IC’b) guarantee that staying with
the firm always gives the worker an expected
continuation utility at least as high as his outside
option, so that the worker will never quit an
employment contract unless the contract fires
him or an exogenous separation occurs.

Let Π(α, θ, β) and U(α, θ, β) be the firm’s and
worker’s expected payoffs yielded by the optimal
contract, respectively, given the initial state of the
economy θ, the signal of match quality α and
the firm’s bargaining power β.7 Then the outside

7. If for some parameter profile (α, θ, β), there is no
employment contract that satisfies both conditions IRf and
IRw, then we define Π (αθβ) = Π (β) and U(α, θ, β)= U (θβ).

options are given by

(8) Π (β) = δEθ,α max
{
Π (β) ,Π (α, θ, β)

}
;

U
(
θH , β

)
= u

(
θH

)
(9)

+ δEθ,α max
{

U (θ, β) ,U (α, θ, β)
}

;

U
(
θL, β

)
= u

(
θL

)
(10)

+ δEθ,α max
{

U (θ, β) ,U (α, θ, β)
}

.

For notational simplicity, denote

UL (β) = U
(
θL, β

)
;

UH (β) = U
(
θH , β

)
;

EU (β) = pUH (β) + (1 − p)UL (β) ;

θ = pθH + (1 − p) θL.

In general, the exogenous bargaining power
β determines the optimal initial wage levels.
When the optimal initial wage equals the min-
imum wage level, the worker’s initial IR con-
straint becomes binding, which means that the
optimal employment contract is set as if the firm
had the full bargaining power. On the other hand,
when the optimal initial wage equals the maxi-
mum wage level, the firm’s initial IR constraint
is binding, so that we are equivalently consider-
ing a situation where the worker has the full bar-
gaining power. Situations in which both the firm
and the worker have some bargaining power can
occur only when the optimal initial wage is equal
to w0(β). The following Corollary states that our
main results still holds as long as the exogenous
bargaining power β is larger than some threshold.

COROLLARY 1. For any β that satisfies

(11)
β

1 − β
≥ u′

(
θL

)
,

the optimal employment contract is exactly the
same as that when β= 1. Thus, the marginal
worker hired in a boom state has a lower expected
match quality than the marginal worker hired in
a bust state:

αH (β) < αL (β) ,

so that the cohort effect holds.

Proof. See Appendix. ◾

Corollary 1 shows that the validity of these
results do not simply rely on the assumption
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that firms have the full bargaining power. When
the exogenous bargaining power β is large, the
firm’s expected profit becomes so important that
the optimal employment contract only leaves the
worker with his outside option. Specifically, if
(IRw) is not binding, reducing the initial wage
would be strictly profitable for the social planner.
This is true no matter the initial state is boom or
bust. Hence, as long as condition (11) is satisfied,
the social planner only has to maximize the firm’s
expected profit, acting as if all the bargaining
power was on the firm’s side.

To compare the marginal hires’ match qual-
ities, αH(β) and αL(β), consider a worker who
is a marginal bust hire with a match quality
αL(β). The bust-state optimal employment con-
tract gives the worker just his outside option
UL (β).

8 For the same pair of the worker and the
firm, consider a change of the initial state from
θL to θH . The marginal boom hire has a lower
match quality, αH(β)< αL(β), if and only if the
optimal contract after the change still satisfies
both constraints (IRf) and (IRw). Equivalently, we
only need to check if there is a feasible contract
such that constraint (IRf) is binding and con-
straint (IRw) is satisfied. For (IRw) to be still satis-
fied after the change, the feasible contract should
give the worker an expected payoff no less than
UH (β). In other words, the worker’s expected
payoff in the initial period should be increased
by at least UH (β) − UL (β) = u

(
θH

)
− u

(
θL

)
.9

On the other hand, the change of the initial state
increases the total output by θH −θL, which is the
total amount that can be added to the worker’s
wages in all periods. So the question becomes,
whether the best allocation of θH −θL to worker’s
inter-period wages increases his total utility by at
least u(θH)− u(θL)?10

When β satisfies condition (11), the optimal
initial wage of the marginal bust hire satisfies
w0L (β) = θL.11 In this case, the answer to the
above question is yes. In fact, such a feasible
contract can be obtained by just increasing the
initial wage from θL to θH . This shows that the
optimal contract after the change satisfies both
(IRf) and (IRw), which proves that αH(β)< αL(β).

8. The firm also earns its outside option.
9. See Eqs. (14) and (15).
10. Since the worker’s utility function is strictly concave,

the best allocation is to make the wages as smooth as possible
among the periods. So we should first increase the worker’s
initial wage on top of w0L (β). If the initial wage level exceeds
wH(β) and there is still leftover of θH −θL, then we increase
all period wages on top of wH(β) until all θH −θL has been
distributed.

11. See Proposition 2.

However, if condition (11) is not satis-
fied, the marginal bust hire’s optimal initial
wage w0L (β) becomes strictly higher than θL.
One cannot find a feasible contract by sim-
ply adding all the increased output θH −θL
to the worker’s initial wage, just as before.
This is because due to the strict concavity of
the utility function u(·), the increased utility,
u
(
w0L (β) + θH − θL

)
− u

(
w0L (β)

)
, is strictly

lower than u(θH)− u(θL), as long as w0L (β) > θL.
In this case, the answer to the above question can
be either yes or no, depending on both the degree
of concavity of u(·) and other parameters.

VI. CONCLUSION

This paper develops a model of turnover and
wage dynamics. The main ingredients of the
model are insurance, match-specific productiv-
ity, and long-term contracting. We characterize
the optimal employment contract and show that
wages are downward rigid within a firm and ter-
mination occurs. We apply the model to study the
business cycle’s impact on future wages and job
mobility. We show that boom hires are on aver-
age worse matches and are therefore more likely
to leave even if those who remain have higher
wages. These predictions shed light on a number
of empirical findings about the persistent effects
of initial labor market conditions on a worker’s
subsequent labor market outcomes.

In this paper, we choose a simple setup to
illustrate the key mechanism—better state of the
economy increases the value of the relationship
by enhancing the scope for insurance, resulting in
firms being more willing to hire worse matches in
booms. The simple setup means that many factors
that affect wages and turnover are not included.
For example, we did not consider match qual-
ity at a vertical level.12 Vertical mismatches can
be more severe in a recession when overquali-
fied workers settle for lower-paying jobs, lead-
ing to higher future turnover rates. Understanding
the interaction between horizontal and vertical
matching will be a key in assessing the implica-
tions of business cycles on labor markets. It will
also be useful for policymakers who help facili-
tate better matching between firms and workers.

Two other important factors for wage and
turnover dynamics include human capital accu-
mulation and asymmetric learning. Gibbons and

12. See Li (2012) for a model with both vertical match
and learning.
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Waldman (2004, 2006) argue that task-specific
human capital is an important factor for under-
standing the wage and promotion dynamics of
the workers, and in particular, it can also pro-
vide an explanation for the cohort effects of
wages. Greenwald (1986), while not addressing
cohort effects, shows that asymmetric informa-
tion reduces the turnover of the workers, and
therefore, affects the qualities and wages of the
workers who remain in the firm.13 Incorporating
these factors into the model can provide a better
understanding of how business cycles affect the
wage and turnover dynamics of the workers. Fur-
ther research on this topic is needed.

APPENDIX

In this section, we provide technical proofs for all the
lemmas and propositions in the main text.

Proof of Lemma 1
See the proof of part (b) of Lemma 3. Lemma 1 is just a

special case with β= 1. ◾

Proof of Proposition 2
For part (a), when the initial state is boom, then there

will be no wage jumps in any future states. This is because if
otherwise, the worker’s initial-period IR condition would not
be satisfied. Thus, in this case, the optimal wage w0(α, θH) is
a fixed level for all periods, as long as the worker is retained.
Moreover, since firms have the full bargaining power, the
optimal wage w0(α, θH) should be set so that the worker’s
initial IR constraint is binding. The left-hand side of (3) gives
the worker’s expected continuation payoff from the initial
period. To understand it, note that the first term is the worker’s
utility in the initial period. In the next period, with probability
1−α, the worker turns out to be a bad match, in which case
he will be fired and earn his outside option depending on the
state of this period. The expected continuation payoff is thus
given by EU. With probability α, the worker is a good match
and retained by the firm. Then using the optimal hiring rule,
in any subsequent period t, with probability kt , the worker is
still retained and earns the wage w0(α, θH); with probability
kt− 1 − kt , the worker leaves the firm exogenously and earn
EU. This proves that the optimal wage w0(α, θH) is given by
Equation (3). ◾

For part (b), when the initial state is bust, then the optimal
wage dynamics is characterized by (w0(α, θL), wH), where
w0(α, θL) is the wage in the initial period, and wH is the wage
level after a boom-state wage jump. Note that if there is wage
jump at a boom state, then the worker’s wage will be wH for-
ever and his expected continuation payoff will be U

(
θH

)
.

13. Other models of asymmetric learning in the labor
market include Waldman (1984), Laing (1994), Bernhardt
(1995), Acemoglu and Pischke (1998, 1999), and more
recently, Golan (2005), Li (2013), and Rao (2015). Empirical
studies finding evidence of asymmetric learning include Gib-
bons and Katz (1991), Schoenberg (2007), Pinkston (2009),
and Kahn (2013).

The left-hand side of (4) gives the worker’s expected con-
tinuation payoff after a boom-state wage jump. To see that,
the first term is the utility in the current period. In the next
period, with probability k, the worker is still retained and the
continuation payoff from this period is U

(
θH

)
; with probabil-

ity 1− k, the worker leaves exogenously and the continuation
payoff is EU. Thus, Equation (ICb) determines wH . Finally,
to solve w0(α, θL), note that since the worker does not have
any bargaining power, his initial IR constraint should be bind-
ing in the optimal contract. It follows immediately from (1)
that with w0(α, θL)=θL, the worker’s expected continuation
payoff from the initial period is exactly equal to U

(
θL

)
. This

proves that w0(α, θL)=θL.

Proof of Lemma 2
To see αH < αL, note that the firm’s payoff is continuous

and increasing in α. When the initial state is bust, the optimal
contract pays the worker an initial wage θL, and this wage
jumps to wH at the first boom state in the future. For a worker
with signal αL, this optimal contract makes the firm just break
even. Now for the same pair of the worker and the firm,
consider a change of the initial state from bust to boom. In
this case, consider such an employment contract: the worker
is paid an initial wage θH , and this wage jumps to wH at the
first boom state in the future. One can easily check that this
contract still makes the firm break even when the initial state
is boom. Moreover, all the constraints (IR), (ICg), and (ICb)
are satisfied. Note that this contract is not optimal (the optimal
contract should pay the worker a fixed wage for all periods, as
is shown in Proposition 2). This implies that the firm’s profit
from hiring a worker with signal αL is strictly positive, and
therefore the cutoff αH must be lower than αL. ◾

Proof of Proposition 3
First, by using (1), (6), and (7), one can easily show that,

for any α∈ (0, 1),

(A1) θH > w0

(
α, θH

)
> wH > θL,

with

w0

(
α = 0, θH

)
= θH ;

w0

(
α = 1, θH

)
= wH .

For part (a), according to Proposition 2, we have that, for
t≥ 1,

Eα,θt
[
wg

(
θt) |α ≥ αH , θ0 = θH

]
= Eα

[
w0

(
α, θH

) |α ≥ αH

]
,

and

Eα,θt
[
wg

(
θt) |α ≥ αL, θ0 = θL

]
= pwH + (1 − p) θL.

Thus Eα,θt
[
wg

(
θt
) |α ≥ αH , θ0 = θH

]
> Eα,θt

[
wg

(
θt
) |

α ≥ αL, θ0 = θL

]
follows immediately from (A1).

To prove the second inequality, note that wb(θt)=θt , for
any t≥ 1 and θt . Then we have

Eα,θt
[
wb

(
θt) |α ≥ αH , θ0 = θH

]
= Eα,θt

[
wb

(
θt) |α ≥ αL, θ0 = θL

]
= pθH + (1 − p) θL,

which finishes the proofs for part (a).
For part (b), note that according to (A1), regardless of

the initial states, voluntary(involuntary) turnover is equiva-
lent to turnover that happens at boom(bust) states. Given that
the worker has signal α, the probability that turnover occurs
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in the next period is 1−αk, so that the probability of volun-
tary turnover is p(1−αk); and the probability of involuntary
turnover is (1− p)(1−αk). That is,

Pr
[
turn over with wb

(
θ0, θ1

)
> w0

(
α, θH

) |α
≥ αH , θ0 = θH

]
= Eα

[
p (1 − αk) |α ≥ αH

]
;

Pr
[
turn over with wb

(
θ0, θ1

)
> w0

(
α, θL

) |α
≥ αL, θ0 = θL

]
= Eα

[
p (1 − αk) |α ≥ αL

]
;

Pr
[
turn over with wb

(
θ0, θ1

)
≤ w0

(
α, θH

) |α
≥ αH , θ0 = θH

]
= Eα

[
(1 − p) (1 − αk) |α ≥ αH

]
;

Pr
[
turn over with wb

(
θ0, θ1

)
≤ w0

(
α, θL

) |α
≥ αL, θ0 = θL

]
= Eα

[
(1 − p) (1 − αk) |α ≥ αL

]
.

Thus, part (b) can be proved by the facts that Eα[α|α≥ x]
is increasing in x and that αH < αL.

We now carry out the analysis for the case with gen-
eral bargaining power. First, the following Lemma character-
izes the optimal retention rule and wage dynamics for each
β∈ 0, 1].

LEMMA 3. Regardless of the exogenous bargaining
power β,

(a) as long as mb is sufficiently large, the optimal hiring
rule is efficient. That is, for all t≥ 1 and all θt,{

hg

(
θt
)
= 1

hb

(
θt
)
= 0

.

(b) for any t≥ 1 and any history of the states of the economy
θt, we have

wg

(
θt , θt+1

)
≥ wg

(
θt) , for each θt+1 ∈

{
θH , θL

}
.

(c) no wage jumps can take place at bust states, and there is
at most one wage jump at the boom state. Moreover, after
a boom-state wage jump, the worker’s wage becomes wH(β)
which solves

(A2) u
(
wH (β)

)
+ δkUH (β) + (1 − k)EU (β)] = UH (β) .

Proof of Lemma 3
For part (a), suppose the optimal contract fires a good-

match worker in period t. Then the continuation payoffs at
the beginning of period t are Π (β) for the firm and U

(
θt , β

)
for the worker, where θt is the state of the economy in period
t. Now consider a deviation in which (1) the worker is kept in
period t and paid a wage θt and (2) the contract from period
t+ 1 on is specified as if the worker and the firm met in period
t+ 1 with a signal of match quality α= 1. ◾

Under this deviation, the worker earns θt in the current
period, and receives EθU(α= 1, θ, β) in period t+ 1. So his
expected continuation payoff at the beginning of period t
becomes u(θt)+δEθU(α= 1, θ, β), which is strictly higher
than U

(
θt , β

)
according to (9) and (10). Moreover, the firm’s

expected continuation payoffs at the beginning of period t is
mg +δEθΠ(α= 1, θ, β)> Π (β) according to (8). This implies
that this deviation makes both the worker and the firm strictly
better off, which proves that a good-match worker should
always be kept. When mb is sufficiently large, the reason for
why a bad-match worker should always be fired is exactly the
same as that when β= 1, as discussed in Section III.A.

For part (b), recall that for any θ0 ∈ {θH , θL}, α∈ 0, 1],
and β∈ 0, 1], the optimal employment contract solves the
following constrained program.

max
C

βΠ
(
α, θ0, β,C

)
+ (1 − β)U

(
α, θ0, β,C

)
subject to constraints (IRf), (IRw), (IC’g), (IC’b), and (7),
where Π(α, θ0, β, C) and U(α, θ0, β, C) are given by (5) and
(6), respectively.

To solve the above problem, set the Lagrangian as

L = βΠ
(
α, θ0, β,C

)
+ (1 − β)U

(
α, θ0, β,C

)
+λf

[
Π
(
α, θ0, β,C

)
− Π (β)

]
+λw

[
U
(
α, θ0, β,C

)
− U

(
θ0, β

)]

+
∑
{θt}

μg

(
θt)

⎧⎪⎪⎨⎪⎪⎩

∞∑
j=t+1

δj−tEθj|θt

[
σg

(
θj
)

u
(
wg

(
θj
))

+
(
σg

(
θj−1

)
− σg

(
θj
))

U
(
θj, β

)]
+u

(
wg

(
θt
))

σg

(
θt
)
− U

(
θt , β

)
σg

(
θt
)
⎫⎪⎪⎬⎪⎪⎭

+
∑
{θt}

μb

(
θt)

⎧⎪⎪⎨⎪⎪⎩

∞∑
j=t+1

δj−tEθj|θt

[
σb

(
θj
)

u
(
wb

(
θj
))

+
(
σb

(
θj−1

)
− σb

(
θj
))

U
(
θj, β

)]
+u

(
wb

(
θt
))

σb

(
θt
)
− U

(
θt , β

)
σb

(
θt
)
⎫⎪⎪⎬⎪⎪⎭

,

where λf and λw are the multipliers associated with the
constraints (IRf) and (IRw), respectively; and for any history
θt , μg(θt), and μb(θt) are the multipliers associated with
constraints (IC’g) and (IC’b), respectively.

From the Lagrangian, the first-order condition (FOC) with
respect to w0 gives that

(A3) u′
(
w0

)
=

β + λf

1 − β + λw
.

And for any t and θt , the FOC with respect to wg(θt) gives
that

(A4) u′
(
wg

(
θt)) = β + λf

1 − β + λw +
t∑

j=1

λg

(
θj
) ,

where λg

(
θt
)
= μg(θt)

αδt Pr[θt]σg(θt) .

Since λg(θt)≥ 0 for any t and θt , it follows from (A4) and
the strict concavity of u(·) that wg(θt , θt+ 1)≥wg(θt), for each
θt+ 1 ∈ {θH , θL}, which completes the proof of part (b). Note
that, if wg(θt , θt+ 1)>wg(θt), then according to (A4) we must
have λg(θt+ 1)> 0, which means that constraint (IC’g) should
be binding at history θt+ 1. In other words, if there is a wage
jump at period t+ 1, then the worker’s continuation payoff
from period t+ 1 should be exactly equal to his outside option.

For part (c), the wage jumps can never take place at bust
states because such a wage jump implies that the worker’s
expected continuation payoff before the jump should be
strictly lower than U

(
θL, β

)
, which is never possible due to

constraint (IRw). The analyses in the proof of part (b) also
imply that there is at most one wage jump at boom states. And
the worker’s continuation payoff becomes U

(
θH , β

)
after

such a wage jump. This means that wH(β) should be deter-
mined by Equation (A2).



LI & YU: TURNOVER AND WAGE DYNAMICS 235

Next, we define w0(β), w0L (β), w0H (α, β), w0L (α, β), and
w0H (α, β) according to the following conditions.

(A5) u′
(
w0 (β)

)
=

β
1 − β

;

(A6) u
(
w0L (β)

)
+ δEU (β) = UL (β) ;

u
(
w0H (α, β)

)
+

αδku
(
w0H (α, β)

)
+ (1 − k)EU (β)]

1 − δk
(A7)

+ (1 − α) δEU (β) = UH (β) ;

w0L (α, β)

(A8)

=

⎧⎪⎪⎪⎨⎪⎪⎪⎩

αmg+δkθ
1−δk

+ mb −
δkpwH (β)

(1−δk)(1−δk(1−p)) ]
−
(
mb − θL

)
− Π (β)

1+ αδk(1−p)
1−δk(1−p)

ifα < α̂L (β)

α
(

mg+δkθ
1−δk

+mb

)
−(mb−θL)−Π(β)

1+ αδk
1−δk

ifα ≥ α̂L (β)

;

(A9)

w0H (α, β) =
α
(

mg+δkθ
1−δk

+ mb

)
−
(
mb − θH

)
− Π (β)

1 + αδk
1−δk

.

With the above definitions, the optimal initial wage
w∗

0 (α, β) can be characterized by the following Proposition.

PROPOSITION 1. For any β∈ 0, 1], the optimal initial
wage is characterized as follows.
(a) Starting with a boom state, let w∗

0H (α, β) be the optimal
initial wage, then

w∗
0H (α, β)=

⎧⎪⎨⎪⎩
w0H (α, β) if w0 (β) ≤ w0H (α, β) ≤ w0H (α, β)
w0 (β) ifw0H (α, β) ≤ w0 (β) ≤ w0H (α, β)
w0H (α, β) ifw0H (α, β) ≤ w0H (α, β) ≤ w0 (β)

.

Moreover, the match quality αH(β) of the marginal worker
hired in a boom state is given by

(A10) w0H (α, β) = w0H (α, β) .

(b) Starting with a bust state, let w∗
0L (α, β) be the optimal

initial wage, then

w∗
0L (α, β) =

⎧⎪⎨⎪⎩
w0L (β) if w0 (β) ≤ w0L (β) ≤ w0L (α, β)
w0 (β) if w0L (β) ≤ w0 (β) ≤ w0L (α, β)
w0L (α, β) if w0L (β) ≤ w0L (α, β) ≤ w0 (β)

.

Moreover, the match quality αL(β) of the marginal worker
hired in a boom state is given by

(A11) w0L (β) = w0L (α, β) .

Proof of Proposition 1
Let the optimal initial wage be w∗

0S (α, β), given that
the initial state is θS, where S∈ {L, H}. According to the
Lagrangian defined in the proof of Lemma 3, for any
S∈ {L, H}, we have that
(A12)

λf > 0 ⇒
(
IRf

)
is binding ⇒ w∗

0S (α, β) = w0S (α, β) ;

(A13)
λw > 0 ⇒

(
IRw

)
is binding ⇒ w∗

0S (α, β) = w0S (α, β) ,

which imply that λw > 0 and λf > 0 is never possible. More-
over, the FOC (A3) states that

u′
(
w∗

0S (α, β)
)
=

β + λf

1 − β + λw
.

◾

Using (A12) and (A13) and the definition that
u′
(
w0 (β)

)
= β

1−β , we have

λw > 0and λf = 0 ⇒ w0 (β) < w∗
0S (α, β)(A14)

= w0S (α, β) ≤ w0S (α, β) ;

λw = 0and λf > 0 ⇒ w0S (α, β) ≤ w0S (α, β)(A15)

= w∗
0S (α, β) < w0 (β) ;

λw = 0 and λf = 0 ⇒ w∗
0S (α, β)(A16)

= w0 (β) ∈
[
w0S (α, β) ,w0S (α, β)

]
.

Since both λf and λw are nonnegative, one of the above
three cases must be true. Thus, claims (A14), (A15), and
(A16) imply that

w0 (β) ≤ w0S (α, β) ≤ w0S (α, β) ⇒ λw > 0 and λf = 0;

w0S (α, β) ≤ w0 (β) ≤ w0S (α, β) ⇒ λw = 0 and λf = 0;

w0S (α, β) ≤ w0S (α, β) ≤ w0 (β) ⇒ λw = 0 and λf > 0,

which finishes the proof regarding the optimal initial wage.
Finally, (A10) and (A11) follow immediately from the

fact that w0S (α, β) − w0S (α, β) is increasing in α, for each
S∈ {L, H}.

Finally, we prove Corollary 1.

Proof of Corollary 1
We only have to prove that condition (11) guarantees

that the constraint (IRw) is binding regardless of the initial
states, so that the labor market behaves as if firms had the full
bargaining power. ◾

It follows from definitions (A6) and (A7) that w0L (β) <
w0H (α, β). Then according to Proposition 4, we need to show
that

β
1 − β

≥ u′
(
θL

)
⇒ w0 (β) ≤ w0L (β) .

To prove this, by definition (A5), we have
β

1−β ≥ u′
(
θL

)
⇒ w0 (β) ≤ θL. On the other hand, Equations

(10) and (A6) imply that w0L (β) ≥ θL. This proves that
w0 (β) ≤ w0L (β).
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